
 

Concentration ofMeasure

Setup Xd MEP X
For A X r O

Ar if d x a r

Def We definethe concentration function as

a r sup 1 µ Ar A X µ A

1 inf µ Ar A X µ A
findt.twithofmefy8ait.Ithmiimzed

Ex X d 0 1 1 1 µ Unif

For A X M A the easiestway to minimize µ Ar is to
make A an interval
Set A 0 then Ar 0 r µ Ar r

a r r

Ex X d IR 1 1 µ in di n even

If om.IM iiti
is an interval

If rel Ar doesnot containany new integersso µ ArIf r l µ Ar contains Lr new integers so µ Ar t.hr
Thus

art
y

ret
r l



Intuition For a fixed r a r measures howmuch of X is
leftwhen youexpand sets w measure by r
If a measure is more concentrated we can expandsetswithout
takingaway muchmass so α will belarger

Fact Is a r 0

Def Let F X IR measurable M E IR is amedian of F if

µ F me and µ F me

Def Let F X IR ctsThemodulus of continuity is
we 0 IR definedby

we n sup F x Fly1 d xy n

DeviationInequalities

Inequality 1 For n O M F me we n α n

Proof Define A F me and fix at A
Choose EAn
Then

F x F a we n me we n

i e XE F me we m
So An F me we n



Since µ A

a n 1 µ An

1 µ F me we n

M F me we n

Inequality 2 If F is Lipschitz Vr 0

µ F me r α flip

and µ IF me r 2x Ecip

Proof Againdefine A F me and fix at A
Choose E Ar
Then

F x F a 11Fllup d x a me 11Fllup r

i e XE F me 11Flup r
So Ar F me 11Flup r
Sinceµ A

a r µ Ar

1 µ F me 11Flup r

µ F me 11Flup r



Setting r flip weobtain the result
Similarly we obtain

µ F me r α flip

In sum M IF me r 2x flip

Cor1.4 Let A B X nonempty Borel Then

µ AM B 4 α E

Proof If An B 0 then 4α 4 α 0 2 so the

jigs I hoakhi o F x d x B

If EA yEB then F x Fy 1 F x 2r
Thus

µ A µ B nu x y F x Fly 1 2r

2M IF mel r

inequality2

42 r

4α 2






